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Identifying weakly coupled nuclear spins around single electron spins is a key step of implementing quantum
information processing using coupled electron-nuclei spin systems or sensing like single spin nuclear magnetic
resonance detection using diamond defect spins. Dynamical decoupling control of the center electron spin with
periodic pulse sequences [e.g., the Carre-Purcell-Meiboom-Gill (CPMG) sequence] has been successfully used
to identify single nuclear spins and to resolve structure of nuclear spin clusters. Here, we design a new type
of pulse sequences by replacing the repetition unit (a single pi-pulse) of the CPMG sequence with a group of
nonuniformly-spaced pi-pulses. Using nitrogen-vacancy center system in diamond, we show that the designed
pulse sequence improves the resolution of nuclear spin noise spectroscopy, and more information about the
surrounding nuclear spins is extracted. The principle of dynamical decoupling design proposed in this paper
is useful in many systems (e.g., defect spin qubit in solids, trapped ion and superconducting qubit) for high-
resolution noise spectroscopy.
PACS numbers: 76.60.Lz, 03.65.Yz, 76.30.-v, 76.30.Mi
I. INTRODUCTION
Coupled electron-nuclear spin systems are important plat-
form for quantum information processing1–5. Single electron
spins are promising quantum processors because of their ad-
dressability and controllability6,7. Nuclear spins are regarded
as ideal quantum memories since they are less sensitive to the
environmental noise and have longer coherence time8. Cou-
pled electron-nuclear spin systems have the advantages of
both ingredients. However, in many solid state systems, a
large number of nuclear spins around the electron spin usu-
ally form a spin bath, serving as a decoherence source of elec-
tron spins, rather than a kind of resource. Individual nuclear
spins have to be resolved, otherwise they can hardly be used as
quantum memories. In this sense, identifying single nuclear
spins in a spin bath is highly desirable.
Single nuclear spins can be resolved through the splitting
of the electron spin resonance (ESR) spectrum due to cou-
pling to the nuclear spins. The resolution of the ESR spectrum
splitting is limited by the transition linewidth. Usually, only
the nuclear spins strongly coupled to the electron spin (with
the coupling strengths much larger than the linewidth) can
be well resolved1–5. Resolving the weakly coupled nuclear
spins (with coupling strengths comparable to the linewidth) is
a challenging task. This greatly limits the potential of using
these nuclear spins as resources.
The limitation on resolution by ESR linewidth can be over-
come by actively controlling the electron spins via, for exam-
ple, continuously driving spectroscopy9–11 and dynamical de-
coupling (DD) control12,13. In particular, DD control of elec-
tron spins was proposed to be a powerful tool to detect small
nuclear spin clusters12. Under DD control, single nuclear spin
clusters around center electron spins manifest themselves as
characteristic fingerprint oscillations on the electron spin co-
herence. With this discovery, nuclear magnetic resonance can
be realized at the single-molecule level12. Very recently, ap-
plying the standard Carre-Purcell-Meiboom-Gill (CPMG) DD
sequence on the electron spins of nitrogen-vacancy (NV) cen-
ters, people have successfully demonstrated the identification
of weakly coupled individual nuclear spins13–15, and the re-
solving of the structure of single nuclear spins cluster16.
In addition to the widely used periodic CPMG control se-
quence, various different types of DD control sequence were
designed for different purposes17. For example, the Uhrig’s
DD (UDD) sequence with nonuniformly-spaced pulses were
proposed18 and experimentally19,20 shown to be the opti-
mal sequence to protect the short-time center spin coher-
ence. Also, various concatenated or nested schemes based on
CPMG and UDD are developed for different purposes17, such
as protecting spin coherence of multi-qubits21. In this paper,
aiming at identifying single nuclear spins and improving the
resolution of nuclear spin noise spectroscopy, we generalize
the standard CPMG sequence and design a new control pulse
sequence. With the designed sequence, more nuclear spins in
the spin bath can be resolved in comparison to the standard
CPMG sequence.
In order to demonstrate the application of our designed DD
sequence, we focus on the identification of single nuclear
spins around NV center electron spins in diamond, which is
a promising solid-state system in quantum information pro-
cessing and nano-scale magnetometry22. We show that solely
increasing the CPMG control pulse number does not help re-
solve more nuclear spins. Instead, in order to achieve high res-
olution, in the designed pulse sequence, we replace the CPMG
repetition unit (a single pi-pulse) by a group of pi-pulses. The
pulse timing structure within each repetition unit provides ad-
ditional degrees of freedom to tailor the corresponding noise
filter function in the frequency domain. Thus, according to
the features of the detected spin noise, the filter function can
be fine-tuned to resolve more nuclear spins. The principle
of the DD sequence design can be used in the general noise
spectroscopy in other systems such as trapped ions19 and su-
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FIG. 1: (a) The spin coherence under Hahn echo control in a
B = 10 Gauss magnetic field. The inset shows the coherence col-
lapse and revival in a longer time scale, and the main panel zooms in
the first collapse. (b) The spin coherence under 50-pulse CPMG con-
trol. Only the first collapse is shown. Oscillations in green, red, and
blue (denoted by A, B, and C in turn) are caused by three individual
13C spins with hyperfine coupling strengths ∼ 100 kHz. Their contri-
butions to the coherence are singled out in (c)-(e) with corresponding
colors.
perconducting qubits23.
This paper is organized as follows. Section II describes the
NV center spin coherence under DD control sequence and an-
alyzes the semi-classical nuclear spin noise spectrum. Section
III demonstrates the improved resolution of the designed DD
sequence. We conclude the paper in Section IV.
II. NV CENTER ELECTRON SPIN COHERENCE UNDER
DD CONTROL
We consider the NV center system as an example to demon-
strate the principle of DD design for high-resolution spin noise
spectroscopy and nuclear spin identification. The NV center
electron spin in a 13C nuclear spin bath is described by13,24
H = HNV + Hint + Hnuc, (1)
where the NV center Hamiltonian HNV is
HNV = ∆S 2z − γeB · S ≡
3∑
α=1
ωα|α〉〈α|. (2)
Here, S is the spin-1 operator of the electron spin, ∆ =
2pi×2.87 GHz is the zero field splitting, B is the applied mag-
netic field, and γe = −1.76 × 1011rad s−1 T−1 is the electron
spin gyromagnetic ratio. The z direction is chosen along the
N-V axis (the [111] direction). In the eigen-representation,
HNV is diagonalized with the eigen-frequencies ωα and the
corresponding eigenstates |α〉.
The Hamiltonian of 13C nuclear spins bath is
Hnuc = −γCB ·
∑
j
I j + Hdd, (3)
where I j is the jth nuclear spin, γC = 6.73 × 107rad s−1 T−1
is the gyromagetic ratio of 13C, and Hdd describes the dipole-
dipole interaction between 13C nuclear spins. The electron
spin couples to the 13C nuclear spins through the hyperfine
interaction
Hint = S ·
∑
j
A j · I j =
∑
α, j
|α〉〈α| ⊗ A(α)j · I j, (4)
where A j is the hyperfine interaction tensor of the jth 13C,
and A(α)j = 〈α|S|α〉 · A j is the hyperfine field felt by the jth
nuclear spin for the electron being in state |α〉. In the second
equation of Eq. 4, we have neglected the electron spin flipping
terms between different eigenstates |α〉 and |β〉, since the elec-
tron spin is hardly flipped by the nuclear spins due to the large
energy mismatch (∼ GHz) compared with the typical hyper-
fine coupling strength (< MHz).
In the NV center system described by the Hamiltonian
(1), single nuclear spin detection has been realized in differ-
ent magnetic field regimes13–15. In this paper, we will focus
on how to improve the resolution in the weak field regime
(B ∼ 10 Gauss, in diamond samples with natural abundance
13C isotope). In this regime, single nuclear spin precession in-
duces coherence collapse and revival effect in the Hahn echo.
The dipolar coupling Hdd between nuclear spins causes the
envelope decay of the revival peaks [see Fig 1(a)]13,24. Within
the first collapse [for t < 30 µs in Fig. 1(a)], the dipolar cou-
pling can be neglected and the nuclear spins precess indepen-
dently. In this case, the electron coherence between two eigen-
states |α〉 and |β〉 of HNV is expressed as13,24
Lαβ(t) =
∏
j
L j,αβ(t)
=
∏
j
Tr
[
· · · e−iH(α)j τ2e−iH(β)j τ1eiH(α)j τ1eiH(β)j τ2 · · ·
]
, (5)
where L j,αβ(t) is the contribution of the jth nuclear spin to the
decoherence, and
H(α/β)j = −γCh(α/β)j · I j (6)
is the conditional Hamiltonian of the jth nuclear spin in effec-
tive field h(α/β)j = B − A(α/β)j /γC.
Fingerprint oscillations within the first coherence collapse
emerge when increasing the CPMG control pulse number14.
Figure 1(b) shows the calculated NV center electron spin co-
herence, in a randomly generated nuclear spin bath configura-
tion, under 50-pulse CPMG control sequences in a magnetic
field B = 10 Gauss along z direction. Under CPMG con-
trol, the first collapse time increases linearly as increasing the
pulse number N13. Meanwhile, in contrast to the smooth de-
cay within ∼ 30 µs, strong characteristic oscillations appear
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FIG. 2: (Color online) (a) The noise spectrum of a nuclear spin bath
coupled to an NV center spin. Circle symbols represent the noise fre-
quency and amplitude pairs (ν j,w j) in Eq. 7. The solid curve is ob-
tained by replacing the δ-function in Eq. 7 by a Lorentzian line-shape
with a phenomenological broadening ∼ 0.1 kHz (corresponding to
the electron spin relaxation T1 & 1 ms). A large number of 13C spins
contribute to the quasi-continuous band (the grey shadow region)
around the 13C Larmor frequecy fL = 10.7 kHz at B = 10 Gauss.
Several 13C spins close to the NV center contributes to the discrete
peaks. Three peaks, denoted by A (green), B (red), and C (blue)
in turn, with frequency higher than fL correspond to the oscillations
shown in Fig. 1(c)-(e). Discrete peaks D and E close to the noise
band are not resolved by the standard CPMG sequence by by the de-
signed DD sequence (see Fig. 3). (b) The filter function of F50(ωt)
50-pulse CPMG control sequence. The inset shows a global view in
logarithm scale.
on the decay profile [see the oscillations in green, red, and
blue in Fig. 1(b)]. These oscillations are caused by three 13C
nuclear spins close to the NV center, whose contributions are
singled out in Figs. 1(c)-(e). The oscillation features (e.g., the
positions and the depths of the coherence dips) contain the in-
formation of the hyperfine coupling, and have been used to
resolve the single nuclear spins14.
The underlying physics of the coherent oscillations can be
understood in semi-classical picture with nuclear spin noise
spectrum S (ω). To calculate the noise spectrum, we define
the averaged bath Hamiltonian H( j)bath =
1
2
(
H(α)j + H
(β)
j
)
and the
noise operator bˆ j = H
(α)
j − H(β)j of the jth 13C bath spin. The
two eigen-frequencies and the corresponding eigenstates of
H( j)bath are denoted by ν
(1,2)
j and |ψ(1,2)j 〉, respectively. In general,
the bath Hamiltonian H( j)bath and the noise bˆ j are not commuta-
tive. The noise operator bˆ j will induce transition between the
eigenstates |ψ(1,2)j 〉. Thus, the noise spectrum is calculated by
S (ω) =
∑
j
w jδ
(
ω − ω j
)
, (7)
where w j = |〈ψ(1)j |bˆ j|ψ(2)j 〉|2 is the noise amplitude, and ω j =
ν(2)j − ν(1)j is the noise frequency. Figure 2(a) shows the cal-
culated nuclear spin noise spectrum of the same spin bath
as that used in Fig. (1). The noise frequency is determined
by both of the intrinsic Lammor frequency of 13C nuclear
spins in the given magnetic field B, and the back-action aris-
ing from the hyperfine coupling of each nuclear spins to the
center electron spin14,25,26. Particularly, for the center elec-
tron spin being prepared in the superposition state of |0〉 and
|+1〉, the jth 13C nuclear spin contributes noise with frequency
ω j = | − γCB + A j/2|. The 13C nuclear spins far from the NV
center electron spin have hyperfine coupling strengths much
smaller than the applied magnetic field, i.e., |A j|  |γCB|.
They produce nuclear spin noise with approximately the same
frequencies, and form a quasi-continuous noise band around
the Larmor frequency (see the grey shadow region in Fig 2).
The few 13C nuclear spins close to the NV center (with dis-
tance of several Å) have hyperfine coupling strengths (in the
order of ∼ 100 kHz) comparable or larger than the applied
magnetic field strength (but not strong enough to cause ESR
spectrum splitting). Thus, they produce nuclear spin noise
with frequencies significantly different from the Larmor fre-
quency, and form discrete spectral lines. These nuclear spins
can be resolved by measuring the NV center electron spin co-
herence under DD control.
In the semi-classical picture, the coherence of a two-level
system in a time-dependent noise field is approximately ex-
pressed as27
L(t) ≈ exp
[
−1
2
∫ ∞
0
dω
pi
S (ω)
ω2
FN(ωt)
]
, (8)
where the noise filter function FN(ωt) is the Fourier trans-
form of the modulation function associated with the DD con-
trol scheme. Figure 2(b) shows the filter function of the
50-pulse CPMG control. The periodic applied pulses in the
time domain give rise to sharp peaks at frequencies ωN,k =
(2k − 1)Npi/t (for k = 1, 2, . . . ). As increasing the total evolu-
tion time t, the filter function peaks sweep from the high fre-
quency side. Whenever the filter function peaks overlap with
a discrete peak in the noise spectrum, there appears a coher-
ence dip according to Eq. (8). When the first peak of the filter
function touches the quasi-continuous noise band, the electron
spin coherence collapses.
III. IDENTIFICATION OF SINGLE NUCLEAR SPINS
The results presented in Fig. 1 seem to imply that increasing
the coherence time by DD control would benefit the single
nuclear spin identification. To check this, we compare the
decoherence behavior under 50-pulse CPMG control with that
under 150-pulse control, which has 3 times longer coherence
time than the former (see Fig. 3). However, the nulcear spin
resolution is not improved. The same three nuclear spins as in
the 50-pulse case are resolved from the coherence oscillation
features.
Indeed, the unnecessarily strong peak in the filter function
FN(ωt) prevents the further improvement of the resolution.
Here, we should emphasize that Eq. (8) is obtained by keep-
ing the noise correlation only to the second order and, essen-
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FIG. 3: (Color online) (a) The filter function F50(ωt) of 50-pulse CPMG control. (b) The filter function F150(ωt) of 150-pulse CPMG control.
The 150-pulse sequence can be regarded as 50 repetitions of 3-pulse unit shown in the inset. (c) The filter function of a modified 50 × 3-pulse
sequence. The repetition unit is shown in the inset with parameters r = 0.31. (d) The same as (c) but for a modified 50×5-pulse sequence. The
parameters are p = 0.209 and q = 0.384. (e) The noise spectrum in reciprocal axis. (f)-(h) The electron spin coherence under the DD control
with sequencies shown in (b)-(d) in turn.
tially, is a perturbation treatment valid only in the weak noise
case. When the filter function peak is too strong (i.e., the fil-
tered noise S (ω)FN(ωt)/ω2  1, like in the 150-pulse CPMG
case), the electron spin coherence will obviously deviate from
Eq. 8. The central dip is deformed and the side dips become
strong. In this case, a single nuclear spin produces a broad-
ened and highly oscillating structure in the electron spin co-
herence. The interference of oscillating structures blurs the
fingerprint features of individual nuclear spins to be resolved.
To solve this problem, we design pulse sequences simul-
taneously with high frequency selectivity and moderate peak
strength of the filter function. To this end, a group of pi
pulses are used as the repetition unit, instead of a single one
in CPMG sequence. We consider an N × M sequence (N
repetitions of an M-pulse unit), whose pulses are applied at
tm,n = [(2n − 1)/2 + rm](t/N), where n = 1, 2, . . . ,N and
rm ∈ [− 12 , 12 ] for m = 1, 2, . . . ,M is the relative position of
the mth pulse within a repetition unit.
The principle of the designed pulse sequence can be under-
stood through the analogy with the optical grating effect. The
periodic N repetitions in time domain gives rise to the peak
structure in the frequency domain described by
F˜N(ωt) =
sin2 ωt2
cos2 ωt2N
. (9)
The structure within each repetition unit, which is local in time
domain, imposes a slow modulation function gM(ωt) of the
peak structure in frequency domain. The filter function is ex-
pressed as
FN×M(ωt) = gM(ωt)F˜N(ωt), (10)
For the standard CPMG sequence (M = 1), gM=1(ωt) =
16 sin4[ωt/(4N)].
Tuning the relative positions rm within the repetition unit
modifies the strength of the filter function peaks. Taking the
symmetric 3-pulse repetition unit for example, with −r1 =
r3 ≡ r and r2 = 0, we have
gM=3(ωt) = 16
(
cos2
ωt
4N
− cos rωt
N
)2
. (11)
As a special example, the 150-pulse CPMG sequence can be
regarded as 50 repetitions of a 3-pulse unit with r∗ = 1/3. In
this case, the pulses are indeed equally spaced, and one can
check that the zero points of gM=3(ωt) with r∗ = 1/3 precisely
cancel the extra peaks of F50(ωt) leaving only those peaks
fulfil the peak condition of F150(ωt) [i.e., ωt/(2pi) = 150 ×
(2k − 1)/2, see Fig. 3(b)].
Slightly shifting the positions rm from the CPMG values
(e.g., r∗ = 1/3 in the M = 3 example above), we obtain a mod-
ified pulse sequence with both high frequency selectivity and
moderate height of the filter function [see Figs. 3(c)]. With
this modified pulse sequence, as shown in Fig. 3(g), two more
nuclear spins (denoted by D and E) around the NV center are
5resolved. As the frequencies of the noise produced by nuclear
spins D and E are too close to the quasi-continuous noise band
[around the Larmor frequency ∼ 10 kHz for B = 10 Gauss, see
Figs. 2(a) and 3(e)], nuclear spins D and E cannot be resolved
by the strong filter function peaks of the standard CPMG se-
quence. While the much weaker and narrower filter function
peak of the designed pulse sequence is able to resolve much
finer structure close to the noise band edge.
More pulses in a repetition unit provides more degree of
freedom to design the noise filter function. For example, the
strong peak around ωt/(2pi) ≈ 75 in Fig. 3(c) causes a broad
and strongly oscillating structure, denoted by A′ in Fig. 3(g).
Practically, this highly oscillating structure A′ may interfere
the identification of signals from other nuclear spins. Using
a symmetric 5-pulse repetition unit shown in Fig. 3(d), with
relative pulse positions −r1 = r5 = q, −r2 = r4 = p and
r3 = 0, one can eliminate the unwanted strong peak around
ωt/(2pi) ≈ 75, and get a much cleaner high-resolution finger-
print structure of five nuclear spins [see Fig. 3(h)].
IV. CONCLUSION
In this paper, we investigate resolving weakly coupled sin-
gle nuclear spins from a nuclear spin bath. A new type of DD
control pulse sequence of central electron spin is designed.
Applying the designed pulse sequence in NV center system,
one can improve the resolution of the noise spectroscopy and,
in comparison to the standard CPMG sequence, more nuclear
spins around the NV center can be identified as resource for
quantum information processing. The principle of designing
DD control pulse sequence is widely applicable in other sys-
tems, such as trapped ions and superconducting qubits, for
high-resolution noise spectroscopy.
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